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The Hall conductivity given by the Kubo formula is a linear response of the quantum transverse
transport to a weak electric field. It has been intensively studied for a quantum system without
decoherence, but it is barely explored for systems subject to decoherence. In this paper, we develop
a formulism to deal with this issue for topological insulators. The Hall conductance for a topological
insulator coupled to an environment is derived, the derivation is based on a linear response theory
of open system. As an application, the Hall conductance of a two-band topological insulator and a
two-dimensional lattice is presented and discussed.
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Topological insulators (TIs) were theoretically pre-
dicted to exist and have been experimentally discovered
in [1–3], they are materials that have a bulk electronic
band gap like an ordinary insulator but have protected
conducting topological states(edge states) on their sur-
face. In the last decades, these topological materials have
gained many interests of scientific community for their
unique properties such as quantized conductivities, dis-
sipationless transport and edge states physics[4, 5]. Al-
though the exploration of topological phases of matter
has become a major topics at the frontiers of the con-
densed matter physics, the behavior of TIs subject to dis-
sipative dynamics has been barely explored. This leads to
a lack of capability to discuss issues such as their robust-
ness against decoherence, which is crucial in applications
of the materials in quantum information processing and
spintronics.
Most recently, the study of topological states was ex-
tended to non-unitary systems[6–8], going a step fur-
ther beyond the Hamiltonian ground-state scenario. This
first step was taken with specifically designed dissipa-
tive dynamics described by a quantum master equation.
Such an approach was originally proposed as a means of
quantum state preparation and quantum computation[9],
which relies on the engineering of the system-reservoir
coupling. To define the topological invariant for open
systems, the authors use a scheme called purification to
calculate quantities of quantum system in mixed states.
To be specific, for a density matrix ρ in a Hilbert space
H, the density matrix ρ can be purified to |Φρ〉 by in-
troducing an ancilla acting on a Hilbert space HA such
that the tracing over the ancilla (TrA) yields the density
matrix, ρ = TrA|Φρ〉〈Φρ|. In other words, mixed states
can always be seen as pure states of a larger system (i.e.,
the system plus the introduced ancilla), the topological
invariant (called Chern value in Ref.[7, 8]) can then be
defined as usual(closed system) TIs.
Turn to the topological invariant for closed system in
more details. The topological invariant was first derived
by Thouless et al.[10, 11], which provides a characteriza-
tion of fermionic time-reversal-broken (TRB) topological
order in two spatial dimensions. This was done by linear
response theory in such a way that the Hall conductivity
is represented in terms of a topological invariant (or the
Chern number), which is related to an adiabatic change of
the Hamiltonian in momentum space. However, the ex-
tension of this topological invariant from closed to open
systems[7, 8] is not given in this manner to date, i.e., it
is defined neither via the Hall conductance, nor by the
linear response theory.
This paper presents a method to extend the topolog-
ical invariant from closed to open systems. The scheme
is based on a linear response theory developed here for
open systems. By calculating the Hall conductance as
a response to the adiabatic change of the Hamiltonian
in momentum space, the topological invariant is propor-
tional to the quantized Hall conductivity for the system
in steady states.
Results
To present the underlying principle of our method, we
first extend the Bloch’s theorem to open system, then
derive the Hall conductance for open systems.
Bloch’s theorem and steady state.
Take isolated electrons in a potential as an example,
the Bloch’s theorem for a closed system states that the
energy eigenstate for an electron in a periodic potential
can be written as Bloch waves. To extend this theorem
from closed to open systems, we formulate this statement
as follows. Consider an electron in a periodic potential
V (~r) with periodicity ~a, i.e., V (~r + ~a) = V (~r). The one
electron Schro¨dinger equation(
− h¯
2
2m
∇2 + V (~r)
)
ψn(~r) = εnψn(~r)
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2should also have a solution ψn(~r + ~a) corresponding to
the same energy εn. Namely, ψn(~r + ~a) = const · ψn(~r).
Here, n denotes the index for the energy levels, m is the
mass of electron. Furthermore, the energy eigenstate can
be written as,
ψn(~r) = e
i~k·~run,~k(~r), (1)
where un,~k(~r) satisfies un,~k(~r+~a) = un,~k(~r) are the Bloch
waves, ~k denotes the Bloch vector. Define a translation
operator T~a which, when operating on any smooth func-
tion f(~r), shifts the argument by ~a, T~af(~r) = f(~r + ~a).
This operator can be explicitly written as T~a = e
i~k·~a. If
T~a is applied to a Hamiltonian H =
(
− h¯22m∇2 + V (~r)
)
with periodic potential V (~r), the Hamiltonian is left in-
variant, i.e., [H,T~a] = 0.
Now we extend the Bloch’s theorem from closed to
open systems. Suppose that the density matrix ρ of the
open system is governed by a master equation [12],
ρ˙ = − i
h¯
[H, ρ] + L(ρ) ≡ P(ρ), (2)
where L(ρ) sometimes called dissipator describes the de-
coherence effect. In the absence of decoherence, we
know that a key ingredient of the Bloch’s theorem is
[H,T~a] = 0. Thus, to preserve the translation invariant of
the dynamics, it is natural to restrict the master equation
to satisfy
P(T~aρT †~a ) = T~aP(ρ)T †~a , (3)
which is similar to HT~a|ψ〉 = T †~aH|ψ〉 for a closed system.
For a Lindblad master equation with decay rates γj and
Lindblad operators Fj [12],
P(ρ) = − i
h¯
[H, ρ]+
∑
j
γj(2FjρF
†
j −F †j Fjρ−ρF †j Fj), (4)
Eq. (3) leads to [Fj , T~a] = 0 and [H,T~a] = 0 for any
j. Consequently, when ρss is a steady state of the sys-
tem, T~aρssT
†
~a is also a steady state, since P(T~aρssT †~a ) =
T~aP(ρss)T †~a = 0.
The translation operator satisfying Eq. (3) preserve
the decoherence-free subspace(DFS) [13–16]. DFS has
been defined as a collection of states that undergo uni-
tary evolution in the presence of decoherence. The the-
ory of DFS provides us with an important strategy to
the passive presentation of quantum information. The
advantage of this translation-preserved-DFS is its possi-
ble applications into quantum information processing in
the presence of decoherence.
Identifying the problem of energy eigenstates in closed
system with the problem of steady states in open sys-
tem, we formulate the Bloch’s theorem of open system
as follows. For an open system described by Eq. (2)
with translation invariant map P, its steady state can be
written as[7, 8],
ρss =
∑
m,n
∑
~k
αmn(~k)|um,~k〉〈un,~k|+ α00|0〉〈0|, (5)
where 〈~r|um,~k〉 = um,~k(~r) are Bloch waves of the corre-
sponding closed system, and |0〉 is the vacuum state. The
coefficients αm,n(~k) are independent of position ~r, this
fact can lift the limitation on the uniqueness required for
steady states ρss. In other words, T~aρssT
†
~a = ρss sat-
isfy naturally in this situation. For the Lindblad master
equation Eq. (4), [T~a, Fj ] = 0 yields
T~aFj |un,~k〉 = ei
~k·~aFj |un,~k〉.
Thus, the Lindblad operators Fj conserve the crystalline
momentum ~k of the Bloch wave. This does not imply
that the steady state has a well-defined crystalline mo-
mentum, since the steady state is a convex mixture of
well-defined momenta states.
It is worth noticing that the Bloch’s theorem of open
system Eq. (5) relies on a postulate that the number of
particles in the system is limited to below 1. When the
number of particles is conserved, and consider the system
having only one particle, the last term in Eq. (5) can be
omitted.
In the following, we shall restricted our attention to
open systems that possess translation invariance and pre-
serve the TI phase. For this purpose, we need to specify
how the dissipator is realized in physics. In an optical
lattice setup, such a dissipative dynamics can be engi-
neered by manipulating couplings of the lattice to differ-
ent atomic species, which play the role of the dissipative
bath[17–22].
Linear response formula for the Hall conductance.
To derive the Hall conductance of an open system,
we first develop a perturbation theory to calculate the
steady state of the master equation Eq.(2). Perturbation
theory is a widely accepted tool in the investigation of
closed quantum systems. In the context of open quan-
tum systems, however, the perturbation theory based on
the Markovian quantum master equation is barely devel-
oped. The recent investigation of open systems mostly
relies on exact diagonalization of the Liouville superop-
erator or quantum trajectories, this approach is limited
by current computational capabilities and is a drawback
for analytically understanding open systems.
In a recent work[23], we have developed a perturbation
theory for open systems based on the Lindblad master
equation. In this approach, the decay rate was treated
as a perturbation. Successive terms of those expansions
yield characteristic loss rates for dissipation processes.
In Ref.[24], instead of computing the full density matrix,
the authors develop a perturbation theory to calculate
3directly the correlation functions. Based on the right
and left eigenstates of the superoperator P, a perturba-
tion theory is proposed[25], the non-positivity issue of the
steady-state may appear in this method due to trunca-
tions. Here, we apply the perturbation theory in Ref.[23]
to derive the steady state. Instead of treating the deco-
herence as perturbation, a perturbed term in the Hamil-
tonian is introduced.
To present the main results of our method, we first
consider a situation without decoherence, namely, for an
open system described by the master equation,
ρ˙ = − i
h¯
[H, ρ] + L(ρ),
we have 〈φi|L(ρ(1)ss )|φj〉 = 0, where ρ(1)ss is the first or-
der expansion of steady state, ρss ' ρ(0)ss + λρ(1)ss =∑
ij
(α
(0)
ij + λα
(1)
ij )|φi〉〈φj |, λ is the perturbation param-
eter from H = H0 + λH
′, |φi〉 is an eigenstate of H0
with eigenvalue εi, i is the index for the eigenlevels. The
steady state in this situation would be a diagonal matrix
in the basis of energy eigenstates due to thermalization,
i.e., α
(0)
ij = α
(0)
ii δij with δij , the Dirac delta function. The
expansion coefficients then reduce to,
− α(1)ij (εi − εj) = H ′ij(α(0)jj − α(0)ii ), (6)
obviously,
α
(1)
ij =
α
(0)
jj − α(0)ii
εj − εi H
′
ij , (7)
where H ′ij = 〈φi|H ′|φj〉. To shorten the notation, here
and hereafter, the perturbation parameter λ is included
in α
(1)
ij . Namely, α
(1)
ij here and in the following equals
the multiple of α
(1)
ij and λ in Eq. (38). Consider a x-
direction weak electric field, ~E = (Ex, 0, 0), simple alge-
bra yields(see Methods),
H ′mn = ieEx〈φm|
∂
∂kx
|φn〉,
where kx is the x-component of ~k, e is the charge of
electron. Suppose the temperature is zero and the single
filled band is the s-th Bloch band, i.e., all α
(0)
ij = 0 except
α
(0)
ss = 1, α
(1)
st takes (t runs over the band indices),
α
(1)
st = −
ieEx
εt − εs 〈φs|
∂
∂kx
|φt〉,
while α
(1)
ij = 0 for other i and j. Collecting all these
results, we have (h¯ = h/2pi, Planck constant)
v¯y = −ieEx
h¯
[
〈∂φs
∂kx
|∂φs
∂ky
〉 − 〈∂φs
∂ky
|∂φs
∂kx
〉
]
.
Here the fact that the contribution from the filled band
is zero has been used. This is exactly the results in[10,
11, 26] for closed systems.
Next let us consider what happens when there is a
single steady band in the presence of decoherence. We
refer the single steady band to that, with a fixed ~k, there
is only a single energy eigenstate in the DFS. We denote
this state by |φs〉. In this case, the operator Fj in Eq.
(4) may takes, Fj = |φs〉〈φj |. This describes a situation
where all bands decay to the s-th band at rates of γj
with preserved momenta h¯~k, see Fig. 1. Straightforward
calculation yields,
〈φs|L(ρ(1)ss )|φs〉 = 0,
〈φs|L(ρ(1)ss )|φn〉 = −γnα(1)sn , n 6= s,
〈φm|L(ρ(1)ss )|φs〉 = −γmα(1)ms, m 6= s, (8)
〈φm|L(ρ(1)ss )|φn〉 = −(γm + γn)α(1)mn, m, n 6= s.
Substituting these equations into Eq. (35) and using
FIG. 1: (Color online)Illustration of the decoherence
mechanism–decays from upper bands to the lowers.
α
(0)
ij = 0 for any i and j except α
(0)
ss = 1, we arrive at
α(1)sn = −ieEx
〈φs| ∂∂kx |φn〉
εn − εs + i∆sn . (9)
Here ∆sn is defined as ∆sn = γn · (1− δns), and α(1)mn =
0 for m 6= s and n 6= s. For large energy band gaps,
|εm − εn|  (γm + γn), the coefficients approximately
take,
α(1)sn ' −ieEx
〈φs| ∂∂kx |φn〉
εn − εs
(
1− i ∆sn
εn − εs − (
∆sn
εs − εn )
2
)
.
(10)
It is not trivial to extend the case of single steady band
to two steady bands, as we shall show below. Denote
the two steady bands by |φs1〉 and |φs2〉, respectively,
a possible realization of the two steady bands is via a
dissipator,
L(ρ) =
∑
α=1,2
j=1,...,N
γαj(2FαjρF
†
αj − F †αjFαjρ− ρF †αjFαj),
(11)
where we choose Fαj = |φsα〉〈φj |, and γαj denotes the
decay rate. Following the same procedure as in the case
4of single steady band, we find α
(1)
mn can be written in a
form similar to Eq. (10),
α(1)sαn ' −ieEx
〈φsα | ∂∂kx |φn〉
εn − εsα
·
(
1− i ∆sαn
εn − εsα
− ( ∆sαn
εsα − εn
)2
)
α(0)sαsα ,
α(1)s1s2 ' ieEx
〈φs1 | ∂∂kx |φs2〉
εs2 − εs1
(2α(0)s2s2 − 1). (12)
with ∆sαn defined by,
∆sαn = (γs1n + γs2n) · (1− δns), (13)
where δms = 1 when s = s1 or s2, otherwise it takes
0. Substituting α
(1)
mn into the Hall current and supposing
the current is zero in the absence of the external field,
we find that the Hall current can be separated into two
parts. The first part is independent of the decay rates
and it can be written in terms of Chern number, while
the second part takes a different form related closely to
the dissipator. These two parts also manifest in the Hall
conductivity discussed below, suggesting us to define a
topological value called Chern rate for the system.
The Hall conductivity, defined as the ratio of the Hall
current density jH and the electronic field Ex, is therefore
given by σH = σ
(0)
H + δσH = σ
(0)
H + δσ
(1)
H + δσ
(2)
H . Here
σ
(0)
H =
e2
h
∫
idkxdky
2pi
∑
α=1,2
α(0)sαsα
(
〈∂φsα
∂kx
|∂φsα
∂ky
〉 − 〈∂φsα
∂ky
|∂φsα
∂kx
〉
)
, (14)
δσ
(1)
H =
e2
h
∫
dkxdky
2pi
∑
α=1,2
∑
j 6=sα
α(0)sαsα
∆jsα
εj − εsα
(
〈∂φsα
∂kx
|φj〉〈φj |∂φsα
∂ky
〉+ 〈∂φsα
∂ky
|φj〉〈φj |∂φsα
∂kx
〉
)
,
δσ
(2)
H = −
e2
h
∫
idkxdky
2pi
∑
α=1,2
∑
j 6=sα
α(0)sαsα
(
∆jsα
εj − εsα
)2(
〈∂φsα
∂kx
|φj〉〈φj |∂φsα
∂ky
〉 − 〈∂φsα
∂ky
|φj〉〈φj |∂φsα
∂kx
〉
)
(15)
To derive these results, 〈φi|∂H0∂k |φj〉 = (εi − εj)〈∂φi∂k |φj〉
has been used. This is one of the main result of this work.
It is worth pointing out that this result sharply depends
on the decoherence mechanism. In fact, as we will show
later in the two-band model, the Hall conductivity is not
a mixture of Hall conductivities for various steady bands.
Assume α
(0)
sαsα independent of kx and ky, the integral
on the right hand side of σ
(0)
H , i.e.,
Csα ≡
∫
idkxdky
2pi
(
〈∂φsα
∂kx
|∂φsα
∂ky
〉 − 〈∂φsα
∂ky
|∂φsα
∂kx
〉
)
,
(16)
is nothing but the Chern number which takes integer
values as pointed out in[26]. Then σ
(0)
H can be written as
σ
(0)
H =
e2
h
∑
α=1,2
α(0)sαsαCsα .
σ
(0)
H is a weighted Chern number for the two steady
bands. This term may not be an integer for a
general open system, despite its topological origin.
For ~k-dependent α
(0)
sαsα ,
∫ idkxdky
2pi α
(0)
sαsα [〈∂φsα∂kx |
∂φsα
∂ky
〉 −
〈∂φsα∂ky |
∂φsα
∂kx
〉] has been defined as the so-called Chern
value[7, 8], which witnesses a topological non-trivial or-
der present in the Berry curvature. It recovers the stan-
dard Chern number if the steady state is a pure Bloch
state.
δσH consists of two parts, δσH = δσ
(1)
H + δσ
(2)
H . Here,
δσ
(1)
H and δσ
(2)
H describe respectively the first order and
second order corrections of the decoherence to the Hall
conductivity. They can not be written in terms of Chern
number in general, since both ∆mn and the energy gap
depend on band index. Therefore, there is no topological
invariance for the open system from the viewpoint of Hall
conductivity, this is true even when the dissipation rates
γj and the band gaps are independent of band index,
δσ
(2)
H can be expressed in terms of Chern numbers in this
case, but δσ
(1)
H still can not. The Hall current given by
δσH characterizes the environmental activation of excited
electrons in the bulk, and it is not zero in the regions
outside the topological regime, where Csα = 0. This can
be found in Eq. (15).
These observations motivate us to define a topological
value, to which we will refer as Chern rate,
Cρ ≡ σH h
e2
. (17)
We adopt terminology Chern rate for the following rea-
sons. Firstly, it possesses topological origin; Secondly,
it may not take an integer for a general open system;
Thirdly, it should differ from the Chern value defined in
Ref.[7, 8], and in addition the Hall conductance is simply
a multiple of the Chern rate and e
2
h . Of cause, the Chern
rate returns back to the Chern number when the system
is an isolated topological insulator. It is well known that
5Bloch’s waves un,~k(r) under time-reversal transformation
take T un,~k(r) = u∗n,−~k(r), then the Berry curvature de-
fined by Fn(~k) = i
(
〈∂un,~k∂kx |
∂u
n,~k
∂ky
〉 − 〈∂un,~k∂ky |
∂u
n,~k
∂kx
〉
)
un-
der the time-reversal transformation satisfies, T Fn(~k) =
−Fn(−~k). So, for system with time reversal symme-
try, Fn(~k) is an odd function of ~k. As a consequence,
the Chern number for a time-reversal invariant system
is zero, because the integral of an odd function over the
whole Brillouin zone must be zero. This is not the case
for second line in Eq. (15) that is an even function of k.
This fact reflects that the second line in Eq. (15) may not
be zero for a time-reversally invariant system, and hence
the Chern rate loses partially its topological origin in this
case. We will illustrate below that this non-topological
term can be eliminated by properly designing ε and ∆ in
Eq. (18).
We now apply this formalism to derive a formula for
Hall conductance in a two-band system. A decoher-
ence mechanism different from this section is considered,
namely the decoherence operator Fj in the dissipator is
not purely a Jordan block. This difference would mani-
fest in the Hall conductivity, for example, the Hall con-
ductivity is not a mixture of Hall conductivities for vari-
ous bands.
Applications of the formalism to a two-band model.
We can apply the representation to develop a general
formula for Hall conductance for a two-band system. Let
us start with an effective Hamiltonian,
H =
∑
k0x,ky
hS(k
0
x, ky),
hS(k
0
x, ky) = (k) +
(
dz dx − idy
dx + idy −dz
)
≡ (k) +
(
ε ∆e−iϕ
∆eiϕ −ε
)
,
(18)
where  is the energy without couplings, it may take
h¯2k2
2m∗ for the band electron with effective mass m
∗, and
(E0−Dk2) with constant E0 and D for the surface states
of bulk Bi2Se3[27]. dj = dj(k
0
x, ky) are the momentum-
dependent coefficients which describe the spin-orbit cou-
plings. ε = dz, ∆ =
√
d2x + d
2
y, tanϕ =
dy
dx
, and
k2 = (k0x)
2 + k2y.
Consider phenomenally a dissipator,
L(ρ) =
∑
k0x,ky
γ(2σ−ρσ+ − σ+σ−ρ− ρσ+σ−), (19)
where γ = γ(k0x, ky) are momentum dependent decay
rates, σj = σj(k
0
x, ky), (j = +,−) are Pauli matrices.
This dissipator describes a decay of the fermion from the
spin-up state to the spin-down state with conserved mo-
menta. It differs from those in the last section at that this
dissipator does not describe decays from one band to the
other, it instead characterizes the decay of the electron
spin states, see Fig. 2.
FIG. 2: (Color online)Illustration of the decoherence mecha-
nism. It not only leads to a decay from the upper band to the
low band but also a flip from the lower to the upper. Besides,
it induces dephasings for each bands.
Now we introduce a perturbation λh′ to Hamiltonian
hS(k
0
x, ky), the total Hamiltonian with fixed k
0
x and ky is
then hS(k
0
x, ky) + λh
′. Up to first order in λ, we write
the steady state with fixed k0x and ky as, τ = τ
(0) +λτ (1).
Tedious but straightforward calculations yield,
τ (1) =
(
τ
(1)
11 τ
(1)
12
τ
(1)
21 −τ (1)11
)
, (20)
in the basis spanned by the eigenstates of hS(k
0
x, ky), we
have
τ
(1)
12 =
s1 − s2 + 2is3(h′11 − h′22)
4[γ2 + 3E21 + E
2
1 cos(2θ)]
2 ,
τ
(1)
21 = τ
(1)∗
12 , (21)
and
s1 = cos θ(γ − 2iE1)[−4iγ2h′12 + γE1(h′12 + h′21)
−14iE21h′12],
s2 = E1 cos(3θ)(γ − 2iE1)[γ(h′12 + h′21) + 2iE1h′12],(22)
s3 = γ sin θ[−γ2 + 3iγE1 + 3E21 + E1 cos(2θ)(iγ + E1)].
Here, E1 =
√
ε2 + ∆2, cos θ = ε√
ε2+∆2
, h′ij , i, j = 1, 2 are
matrix elements of h′ in the basis spanned by the eigen-
states of hS(k
0
x, ky). For more details, see Methods. The
diagonal elements of τ (1) is not listed here, since it has
no contribution to the conductivity. In weak dissipation
limit, γ → 0, we can expand τ (1)12 in powers of γ. To first
6order in γ, τ
(1)
12 can be written as,
τ
(1)
12 ' −
7 cos θ + cos 3θ
E1(3 + cos 2θ)
2h
′
12 −
iγ(7 cos θ + cos 3θ)h′12
2E21(3 + cos 2θ)
2
+
iγ(cos 3θ − cos θ)(h′12 + h′21)
2E21(3 + cos 2θ)
2
+
iγ(3 sin θ + sin θ cos 2θ)(h′11 − h′22)
2E21(3 + cos 2θ)
2 . (23)
Assuming a weak electric field is applied along the x-
direction and the corresponding vector potential is time-
dependent, we find by simple algebra that, h′mn =
i〈Φm| ∂∂k0x |Φn〉Exe. Substituting these equations into the
Hall conductivity and assuming γ independent of ~k, we
have
σH =
e2
h
∫
idk0xdky
2pi
2 cos θ
1 + cos2 θ
(
〈∂ΦE2
∂k0x
|∂ΦE2
∂ky
〉 − 〈∂ΦE2
∂ky
|∂ΦE2
∂k0x
〉
)
+
γe2
h
∫
dk0xdky
2pi
2 cos θ
E1(1 + cos2 θ)2
(
〈∂ΦE2
∂k0x
|ΦE1〉〈ΦE1 |
∂ΦE2
∂ky
〉+ 〈∂ΦE2
∂ky
|ΦE1〉〈ΦE1 |
∂ΦE2
∂k0x
〉
)
− γe
2
h
∫
dk0xdky
2pi
sin2 θ cos θ
E1(1 + cos2 θ)2
(
〈∂ΦE2
∂ky
|ΦE1〉〈
∂ΦE2
∂k0x
|ΦE1〉+ 〈
∂ΦE1
∂ky
|ΦE2〉〈
∂ΦE1
∂k0x
|ΦE2〉
)
.
(24)
Discussions on the Hall conductivity are in order. The
first integral describes a contribution of zeroth order in γ.
It is different from the usual Hall conductivity of TIs with
a single filled band |Φ2〉, the difference comes from the
deviation of the steady state from the Gibbs states. Note
that when ∆ = 0, the first integral represents the usual
Hall conductivity, the second and third integral represent
a correction of dissipation to the Hall conductivity. We
observe that the third integral vanishes with ∆ = 0. In
this case, the second integral reduces to,
γe2
2E1h
∫
dk0xdky
2pi
[〈∂ΦE2
∂k0x
|ΦE1〉〈ΦE1 |
∂ΦE2
∂ky
〉
+〈∂ΦE2
∂ky
|ΦE1〉〈ΦE1 |
∂ΦE2
∂k0x
〉]
which is exactly the result in the last section for TIs
with two bands. Noting that |ΦE1〉 and |ΦE2〉 can be
written in terms of θ and ϕ, |ΦE1〉 =
(
cos θ2e
−iϕ
sin θ2
)
,
|ΦE2〉 =
( − sin θ2e−iϕ
cos θ2
)
. We deduce the Hall conduc-
tance as, σH = σ
(0)
H + δσ
(1)
H ,
σ
(0)
H =
e2
h
∫
dk0xdky
2pi
sin 2θ
3 + cos 2θ
(
∂θ
∂k0x
∂ϕ
∂ky
− ∂θ
∂ky
∂ϕ
∂k0x
)
,
δσ
(1)
H =γ
e2
h
∫
dk0xdky
2pi
[
cos θ
2E1(1 + cos2θ)
∂θ
∂k0x
∂θ
∂ky
+
cos θsin2θ(1 + 0.5sin2θ)
E1(1 + cos2θ)
2
∂ϕ
∂k0x
∂ϕ
∂ky
].
(25)
This equation is available for all two-band system de-
scribed by the Hamiltonian in Eq. (18).
To be specific, we consider a two-dimensional ferro-
magnetic electron gas with both Rashba and Dresselhaus
coupling, this system can be described by Hamiltonian
Eq. (18) with dx = λpy − βpx, dy = −λpx − βpy, and
dz = h0, here the momenta px = h¯k
0
x and py = h¯ky.
Using the formula Eq. (25) for the Hall conductivity, we
calculate the Hall conductivity and show the numerical
results in Fig. 3. Fig. 3(a) shows the zero-order Hall con-
ductivity versus β. The red-solid line is for the closed
system, while the blue-dashed line for the open system
with γ → 0. It is interesting to notice that Hall conduc-
tivity of the open system with γ → 0 is different from
that in closed system. This is easy to understand, the
steady state of an open system is in general a mixed
state, even though the decoherence rate is close to zero.
Fig. 3(a) shows a phase transition at β = βc = λ, when
β < βc, the Chern number of the closed system is 1, while
for β > βc, the Chern number is -1. For open system,
the phase transition can still be found from the Hall con-
ductivity, even if the absolute value of δσ
(0)
H in the open
system is smaller than that in the closed system. The
first-order correction δσ
(1)
H are negative on both sides of
βc, as shown in Fig. 3(b), where we plot the first-order
Hall conductivity as a function of β and h0.
The second concrete example is bulk Bi2Se3. The low-
lying effective model for bulk Bi2Se3 can be formally di-
agonalized, which can be interpreted as the K and K ′
valleys in the graphene[27]. For the valleys located at
K, the effective Hamiltonian takes the same form as in
Eq. (18) but with dx = h¯vF ky, dy = −h¯vF kx, and
dz = (
∆0
2 − Bk2). A straightforward calculation shows
that the term proportional to γ in the Hall conductiv-
ity is zero, this does not mean that the decoherence has
no effect on the Hall conductivity. In fact, the decoher-
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FIG. 3: (Color online)The zero-order and first-order conduc-
tivity σ
(0)
H and δσ
(1)
H as a function of β (meV·nm/h¯) and h0
(in units of meV). Parameters chosen are, (a) γ → 0, λ = 23
meV·nm/h¯, and (b)γ=0.1 meV, λ = 23 meV·nm/h¯. Note
that σ
(0)
H is independent of h0.
ence leads the system to a mixed state, yielding the Hall
conductivity,
σH =
e2
2h
ln
1 + sgn2B
1 + sgn2∆0
. (26)
For B 6= 0 and ∆0 6= 0, the Hall conductance is zero. For
B = 0 and ∆0 6= 0, σH = − e22h ln2, and σH = e
2
2h ln2 when
B 6= 0 and ∆0 = 0. This is different from the results of
closed system[27].
In the third concrete example, we apply the Hamilto-
nian Eq. (18) to model the two-dimensional lattice in a
magnetic field [28]. The tight-binding Hamiltonian for
such a lattice is written as,
H = −ta
∑
〈i,j〉
xc
†
jcie
iθij − tb
∑
〈i,j〉
yc
†
jcie
iθij , (27)
where cj is the usual fermion operator on the lattice, ta
and tb denote the hopping amplitudes along the x- and y-
direction, respectively. The first summation is taken over
all the nearest-neighbor sites along the x-direction and
the second sum along the y-direction. The phase θij =
−θji represents the magnetic flux through the lattice.
When tb = 0, the single band E(kx) is doubly degenerate.
The term with tb in the Hamiltonian gives the coupling
between the two branches of the dispersion. Consider two
branches which are coupled by |l|−th order perturbation,
the gaps open and the size of the gap due to this coupling
is the order of t
|l|
b . The effective Hamiltonian then take
Eq. (18)[28] with ϕ = kyl, ε = 2ta cos(k
0
x+2pi
q
pm), and δ
is proportional to (is the order of) t
|l|
b . In terms of dx, dy
and dz, the model takes, dx = δ cos(kyl), dy = δ sin(kyl),
and dz = 2ta cos(kx + 2pi
p
qm).
When applying the formula to this model, we can prove
that h′12 + h
′
21 = 0 and h
′
22 = h
′
11 = 0. This can be done
�
�
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FIG. 4: (Color online)The conductivity σH as a function of
δ (in units of meV) and ta (in units of meV). Parameters
chosen are p = 1, q = 4, l = 1, (a) m = 1, and (b) m = 2.
Note that the sign of σH in figures (a) and (b) are different.
Further numerical simulations show that σH depends only on
the parity of m, i.e., figure (a) is for all odd m, while figure
(b) for even m.
by examining the definition, h′ij = −ih¯〈ΦEi | ∂∂t |ΦEj 〉, and
replacing k0x in Eq. (18) by k
0
x(t) = k
0
x− eExt. With this
observation, the Hall conductance reduces to,
σH =
e2
h
∫
dk0xdky
2pi
sin θ cos θ
1 + cos2 θ
∂θ
∂k0x
∂ϕ
∂ky
. (28)
An interesting observation is that the correction of the
decoherence to the Hall conductance is zero, this can be
understood by examining Eq. (25), keeping in mind that
θ depends only on k0x while ϕ only on ky. It is important
to point out that the contribution from the steady state
in the absence of external field was ignored in this section,
this is reasonable that there has no current in the system
when it reaches its steady state without external driving
fields. In other words, we here only have interests in
the current induced by the external fields, all of other
contributions do not concern us. The dependence of the
Hall conductivity on δ and ta is shown in Fig. 4. We
find that σH change sharply around ta = 0 except at
δ = 0, but there is no phase transition at ta = 0 in the
sense that the Hall conductance has a same sign for both
positive and negative ta. The topological phase changes
with the parity of m, when m is an odd integer, σH < 0,
whereas for even m, σH > 0.
Discussion
We have studied the Hall conductance of topological
insulators in the presence of decoherence. After extend-
ing the Bloch’s theorem from closed to open system, we
have developed an approach to calculate perturbatively
the steady state of the system driven by a perturbation.
Then we apply this approach to derive the Hall conduc-
tance for the open system. We expand the Hall con-
ductance in powers of dissipation rate, and find that the
zeroth order covers the usual Hall conductance when the
open system decays from a band to the others, whereas
it can not return to the usual Hall conductance with a
dissipator in the other form. The first order gives the
8correlation of the decoherence to the conductance, which
vanishes for the two-dimensional lattice and contributes
non-zero value to bulk Bi2Se3.
Generally speaking, the Hall conductance for open sys-
tem can not be written as a multiple of a Chern number
and a constant, or as a weighted sum of Chern numbers,
in this sense, there is no topological invariant for open
systems. The situation changes when a dissipator keeps
the density matrix of the steady state in a diagonal form
in a Hilbert space spanned by the instantaneous eigen-
states of the Hamiltonian. Specifically, when the steady
state takes, ρss(~k) =
∑
n αn,~k|u′n,~k(t)〉〈u′n,~k(t)| with αn,~k
independent of time, and ei
~k~r|u′
n,~k
(t)〉 denotes a wave-
function subject to the Hamiltonian, the Hall conductiv-
ity can be written as a weighted sum of Chern numbers.
This is easy to find by expanding |u′
n,~k
(t)〉 up to first or-
der in the field strength and substituting the expansion
into the Hall conductivity.
An interesting observation of this paper is that by
properly designing the Hamiltonian, the decoherence ef-
fect on the Hall conductance can be eliminated in the
two-band model. This observation makes the TIs im-
mune to influences of environment and then support its
application into quantum information processing.
The Kubo formula derived within the framework of
linear response theory applies for equilibrium systems.
Complementarily, we develop a formalism to explore
the linear response of an open system to external field.
Though we adopt a specific master equation to develop
the idea, the general conclusion in this paper should be
applicable to other open systems described by various
master equations, in particular, for a system not in its
equilibrium state.
This work is supported by the NSF of China under
Grants No 11175032.
Methods
Perturbation expansion of the steady state.
We start with the master equation Eq.(2), and intro-
duce a perturbed term λH ′ to the Hamiltonian,
H = H0 + λH
′. (29)
When applying the perturbation theory, we may separate
the total HamiltonianH in such a way thatH0 is a proper
Hamiltonian easy for obtaining the zeroth order steady
state, while keep the perturbation part λH ′ small. The
steady state ρss can be given by solving
− i
h
[H, ρss] + L(ρss) = 0. (30)
Up to first order in λ, the steady state can be expressed
as,
ρss = ρ
(0)
ss + λρ
(1)
ss . (31)
The zeroth order steady state ρ
(0)
ss is then given by,
i
h¯
[
H0, ρ
(0)
ss
]
= L(ρ(0)ss ), (32)
while the first order satisfies,
i
h¯
[
H ′, ρ(0)ss
]
+
i
h¯
[
H0, ρ
(1)
ss
]
= L(ρ(1)ss ). (33)
In a Hilbert space spanned by the eigenstates {|φi〉} of
Hamiltonian H0, H0|φi〉 = εi|φi〉, the steady state can be
written as,
ρss =
∑
ij
αij |φi〉〈φj |
'
∑
ij
(α
(0)
ij + λα
(1)
ij )|φi〉〈φj |
= ρ(0)ss + λρ
(1)
ss . (34)
Substituting this expansion into Eq. (32) and Eq. (33),
we obtain an equation for the coefficients α
(1)
ij ,
〈φi|L(ρ(1)ss )|φj〉 =
i
h¯
(
∑
β
H ′iβα
(0)
βj − α(0)iβ H ′βj)
+
i
h¯
α
(1)
ij (εi − εj), (35)
where H ′αβ = 〈φα|H ′|φβ〉, and α(1)ij = α(1)∗ji . Assume the
zeroth order steady state is easy to derive, the steady
state up to first order in λ can be given by solving Eq.
(35).
In order to derive the Hall conductance as a response
to an external field, we consider the following idealized
model: an non-interacting electron gas in an periodic
potential V (~r). In the presence of a constant electric
field ~E and when the field can be represented by a
time-dependent vector potential, the system Hamiltonian
takes[26],
H0 (k(t)) =
1
2m
(
−ih¯∇+ h¯~k(t)
)2
+ V (~r), (36)
with ~k(t) = ~k − e ~Et. Taken the electric field in the x-
direction, the y-component of the velocity operator in
such a case is given by vy =
1
h¯
∂H0(~k)
∂ky
[26]. The y-
component of the average velocity in the steady state
is,
v¯y =
1
h¯
∑
ij
αij〈φj |∂H0(
~k)
∂ky
|φi〉. (37)
Up to first order in the perturbation λ, v¯y takes
v¯y =
1
h¯
∑
i6=j
(α
(0)
ij + λα
(1)
ij )〈φj |
∂H0
∂ky
|φi〉. (38)
9The Hall current density is given by,
jH = −e
∫
dkxdky
(2pi)
2 · v¯y, (39)
the Hall conductivity σH is defined as the ratio of this
current density and the electric field Ex.
To calculate perturbatively the Hall current, we work
in the weak field limit, Ex ∼ 0, this allows to use the adi-
abatic approximation to specify the perturbation Hamil-
tonian H ′ induced by the adiabatic change of Hamilto-
nian H0(~k(t)) and calculate the perturbed steady state.
We expand the density matrix in the basis of the energy
eigenstates |φi[~k(t)]〉 (the eigenstates of H0(~k)) as,
ρ[~k(t)] =
∑
ij
αij [~k(t)]|φi[~k(t)]〉〈φj [~k(t)]|, (40)
substituting this expansion into
ρ˙ = −i[H0, ρ] + L(ρ), (41)
we have,
α˙ij = −i[H0, ρ]ij + [L(ρ)]ij −
∑
m
〈φi|φ˙m〉αmj
−
∑
n
αin〈φ˙n|φj〉, (42)
where for the sake of simplicity we shorten the notations
as αij = αij [~k(t)] and |φi〉 = |φi[~k(t)]〉. Notice that∑
n
αin〈φ˙n|φj〉 = −
∑
n
αin〈φn|φ˙j〉, (43)
we obtain the Hamiltonian with a perturbation term H ′,
Hmn = H
mn
0 − ih¯〈φm|
∂
∂t
|φn〉 = Hmn0 +H ′mn, (44)
where,
Hmn0 = 〈φm|H0|φn〉 = εnδmn.
The Hamiltonian in Eq. (44) is the total Hamiltonian,
which includes a part of zeroth order in Ex and a term
of first order in Ex. In the following, we shall take Ex
small such that Hamiltonian H ′ proportional to Ex can
be treated perturbatively.
The zero-order steady state for two-band model.
Solving the Schro¨dinger equation, hS |ΦE〉 = E|ΦE〉
with Hamiltonian Eq. (18), we can obtain the eigenen-
ergies,
E1 =
√
ε2 + ∆2,
E2 = −E1, (45)
and the corresponding eigenstates,
|ΦEj 〉 =
(
φ1(Ej)
φ2(Ej)
)
, j = 1, 2, (46)
where,
φ1(Ej) =
∆e−iϕ√
∆2 + (Ej − ε)2
,
φ2(Ej) =
Ej − ε√
∆2 + (Ej − ε)2
. (47)
For the sake of simplicity, we transform the formal-
ism into a Hilbert space spanned by the eigenstates
of hS . Introducing U =
(
φ1(E1) φ1(E2)
φ2(E1) φ2(E2)
)
, we find
that hS = UHdiaU
† with Hdia =
(
E1 0
0 E2
)
. Define
F = U†σ−U and cos θ = ε√ε2+∆2 , the elements of matrix
F =
(
F11 F12
F21 F22
)
can be expressed as,
F11 =
1
2
sin θe−iϕ, F12 = − sin2 θ
2
e−iϕ,
F21 = cos
2 θ
2
e−iϕ, F22 = −1
2
sin θe−iϕ. (48)
Collecting all these results, the master equation can be
re-written as,
ρ˙ = −i[
∑
k0x,ky
Hdia, ρ] +
∑
k0x,ky
γ(2FρF † − F †Fρ− ρF †F ).
(49)
The steady state τ (0) = ρ(t→∞) =
(
τ
(0)
11 τ
(0)
12
τ
(0)
21 τ
(0)
22
)
with
fixed k0x and ky can be given by solving,
i[Hdia, τ
(0)] = γ(2Fτ (0)F † − F †Fτ (0) − τ (0)F †F ), (50)
this gives rise to,
τ
(0)
11 =
sin2 θ2 (γ
2 + 2E21 − 2E21 cos θ)
γ2 + 3E21 + E
2
1 cos(2θ)
,
τ
(0)
12 =
γ(γ − 2iE1) sin θ
2 [γ2 + 3E21 + E
2
1 cos(2θ)]
,
τ
(0)
21 = τ
(0)∗
12 , (51)
τ
(0)
22 = 1− τ (0)11 .
Here τ (0) denotes the steady state without perturbations.
In weak dissipation limit γ → 0, we find τ (0)12 = τ (0)21 →
0, and τ
(0)
11 approaches
sin2 θ2 (1−cos θ)
1+cos2 θ . Obviously, in this
limit, τ
(0)
11 = 0 when ∆ = 0, leading to the thermal state
(ground state) at zero temperature. This observation
suggests that the steady state under study is in general
different from the Gibbs states, as a consequence, the
Hall conductance would be different from that given by
the Kubo formula.
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